
1 Advanced Empirical Asset Pricing

• Professor Rossen Valkanov (UCSD)
Contact Info: rvalkanov@ucsd.edu

• Goals
Review important papers

Discuss important tools

Outline trends and topics for research

• Class Overview
Class 1: Predictive Regressions
∗ Preliminaries
∗ Short horizon predictive regressions
Class 2: Predictive Regressions
∗ Time-varying expected returns
Class 3: Volatility Modeling

Class 4: New Methods



2 Predictive Regressions

A predictive (linear) regression is
+1 =  +  + +1

where +1 is an asset return (mostly stock or bond)
and  is a variable observable at time  (including
lagged returns)
• Statistical issues

If predictors are persistent (borderline non-
stationary)

If predictors are noisy proxy of expected returns

Spurious regressions

Horizon and overlap

Model selection and combinations

Stability of relationship

In-sample vs out-of-sample forecasts

• Economic issues
What are we testing: market efficiency or time-
varying expected returns?

What predictive accuracy is economically reason-
able?

Portfolio gains from predictability?

Economic constraints



2.1 Preliminaries–Conditional Means

Think of a variable +1 that is observable. We can
always write it as

+1 =  (+1|) + +1 − (+1|)
=  (+1|) + +1

as long as  (+1|) exists. This is a conditional ex-
pectation, where the conditioning is w.r.t. information
available up to time 
•  (+1|) is what we will “model”
• +1 is the “unexplained” or “unexpected” part.

By construction, +1 is orthogonal to , i.e.
 (+1|) = 0
Interpretation: Nothing in  will help us forecast
the conditional mean of +1

Interpretation: Past information cannot be used to
forecast the truly unexpected part of +1

• Why is this useful in finance?



Think of +1 as the log return of an asset, +1
To be clear
•  =price of an asset at time 

• +1 =dividend the asset pays between  and + 1.

• The simple gross return is defined as
 (1 ++1) = +1 ++1

1 ++1 =
+1



+
+1

+1

• The simple (net) return is defined as

+1 =
+1 − 



+
+1

+1

• We will work almost exclusively with a third quantity,
the log return, defined as:

ln (1 ++1) = +1
Note that +1 is “close to” , for values of  close
to zero (Taylor expansion argument). This tends to
be true if we consider short enough periods, .

• Also, the long-horizon log return between  and
 +  is the sum of the one-period returns

X
=1

+ = +



• We can write the log return +1 as
+1 =  (+1|) + +1

and the question is how to model  (+1|)  We
will sometime use the shorthand notation

+1 =  + +1

• The simplest form for  (+1|) = +  where 
is some “state variable” or “predictor”.
state variable: captures the state of the economy

predictor: helps predict the variable of interest

Synonymous in most empirical contexts

Natural candidates: the dividend price ratio (see
above slide), the short rate, the term spread, the
default spread, etc.

• Hence, we are considering the linear predictive
regression:

+1 =  +  + +1



• Notice that the realized return, +1 is different from
the expected return, 

• In asset pricing theory, we model expected returns.
Indeed, that’s what you do with the CAPM, APT
(unconditional) and ICAPM and SDF (conditional)

• But in practice, we don’t have expected returns.
• We have realized returns!
• If we write

+1 =  + +1
there are two sources of time variation  and +1

• Focus:  is about time varying expected returns
• Focus: +1 is about market efficiency



2.2 Preliminaries–Estimation

• Recall distinction between modeling and estimation
• The linear relation between +1 and  can be
estimated in a number of ways:
Least Squares

Maximum Likelihood

GMM

In the linear case, we have (assuming  = 0, to
simplify notation)

 (+1) = 0

 ((+1 − )) = 0
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To estimate we use sample analogues to the
moments above
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• To estimate ̂ consistently, i.e. ̂ →  we need
that
1


P
=1 +1→  (+1) = 0

1


P
=1 

2
 →  ∞

• Recall the difference between consistency, biased-
ness, and efficiency

• Under a lot of restrictive assumptions, ̂ is BLUE
(best linear unbiased), but those conditions are not
met in finance!

• If we don’t have a consistent estimator, not good!
• To have a consistent estimator, we only need that

 (+1) = 0

• Pretty simple!



• One omitted detail: For the sums 1


P
=1 +1 and

1


P
=1 

2
 to converge, we need the processes to

be ergotic (stationary with some added conditions).
You can think of this as LLN for time series data
(potentially dependent)

• If stationarity is not satisfied, bad things can happen
to us!

• Good rule: When in doubt, make sure you are
working with stationary data.



• Back to our predictive regression
+1 =  + +1

=  +  + +1

• Now, we know that realized returns are close to i.i.d
(hopefully not totally i.i.d, otherwise the predictive
regression will be pointless)
Aside: How can we reconcile this expression with
market efficiency (Fama (1970, JF))?

"Predictive regressions" means different things to
different people–lots of confusion

• How about the stochastic properties of the predictor
?

• In practice  is very persistent, borderline non-
stationary
Dividend price ratio: close to non-stationary

Short rate (3 month Tbill): close to non-stationary

Term spread: close to non-stationary

...



• What do I mean by "close to non-stationary"?
• If we assume a simple AR(1) process for 

+1 =  + +1
a sufficient condition for this process to be
stationary (covariance stationary) is that ||  1

• Since  (−1) = 0 by construction, we expect
̂→ 

• Following the above calculations
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• Notice what happens when → 1

• What if  = 0997?



Two Approaches:
• First Method: Kendall (1954) and Marriott and Pope
(1954) [used by Stambaugh (1986)] have shown
that under normality, the bias is approximately:


³
̂
´
= − 1 + 3


+

¡
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¢
• Hence, If we get an estimate of, say, 0.9, with
T=100, it would be downward biased.

• We can obtain a (sort of) first-order unbiased
estimate using

̂

= 0 +

1 + 3 ∗ 09
100

= 09 + 0037

= 0937

• Comment: Can’t fully correct for the bias, because
it is a function of 

• Comment: This is a small-sample issue. If we have
enough observations, the bias will disappear

• Comment: Can we assume  = 1 in the correction?
[Lewellen (2004)]

• However, we usually have a fixed number of  0
• Even if we had more  0we can also find a  closer
to 1 that would create problems!



• Second Method: Median Unbiased Estimator
(MUE)

• Idea: If we simulate
 =  + −1 + 

for a given  , say 5000 times and for a grid of
 = [0 1]

• Estimate ̂ for all 5000 simulations.
• Then we plot the histograms of ̂ as a function of 
• Suppose  () is the median of ̂, when the true
parameter is 

• We can invert the median function:
 = −1

³
̂
´

• Ex: Andrews (Econometrica, 1993)
• Table II



• For T=100, the picture is:
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• For instance, if the OLS estimate of  is ̂ = 09then
 = 093

• Similar to Kendall’s correction.
• A couple of remarks on MUE estimators

As  increases, we don’t get better estimates

We need to assume the distribution of  (in the
simulation)

Stock (JME, 1991) has an asymptotic version of
the MUE estimator



• Simulation 1: Downward bias in ̂
• The financial econometrics literature has found
another way to deal with this problem: local-to-unity
(LTU) process

+1 =  + +1

 = 1 +




• In the LTU process, as  →∞  → 1 so our test
will never be consistent against  6= 0 alternatives.

• What’s the big deal with non-stationary data?



2.3 Spurious Regressions and Non-Stationary Time
Series

• The easiest way is to work with stationary time
series:  and (later) 

• Why? LLN (Ergoticity) and CLT are valid under
stationarity

• But suppose you want to work with non-stationary
time-series, i.e. prices, volume, number of investors
in a particular fund, number of funds, etc. Those
processes are inherently non-stationary.

• Let  be the log-price. We know that
 = −1 + 

or  is an AR(1) process with an unit-root.

• This process is non-stationary. We cannot apply
the CLT.

• But we are still interested in testing the null  = 1
versus   1

• Problem: Under the null, the process is non-
stationary.

• Under the alternative, the process is stationary.



• It turns out that (Funtional CLT)
1√

 =

1√


X
=1



=
1√


[ ]X
=1

⇒ ()

where  () is a Brownian motion,  = [ ]−, on
[0 1]  I.e., () ∼ (0 ) 0    1

• Note that this result is asymptotic. We don’t have
to assume that the 0 are normal (hence the
Functional CLT, or FCLT).

• Q: Can’t we standardize the non-stationary
processes by a power of  in order for them to
converge.

• A: Yes.
• This is known as "fill-in" asymptotics

As  →∞ the interval gets closer

• Let’s get a “�avor” of how things work:



• Recall that
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• But if  = 1 the results do not hold. But
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• In other words, ̂ is super-consistent.
• Q: But since we don’t know the distribution of ̂
can we use this result for testing?

• A: Yes, if we simulate the distribution.



• Dickey-Fuller (DF) Test:
 :  = 1

 :   1

• The test is:  = ̂−1
(̂)

• Suppose that  follows an AR(p) process. The
distribution of the DF test is in�uenced by these
(nuisance0 parameters. Not good!

• To get rid of these parameters, we run the following
regression:
 = −1 + 1∆−1 + 2∆−2 +  + ∆− + 

• Then,  = ̂−1
(̂)



• This is called the Augmented DF,or ADF test.



• Summary of ADF test–Testing for a unit root:
Regress  on −1∆−1∆−2 ∆=

Form:  = ̂−1
(̂)

Get the critical value from simulations.



• So, is working with non-stationary variables that
easy?

• NO:
• Suppose 1 and 2 are the prices of the same asset
traded on two markets. Then, it must be the case
that

1 = 2

• Empirically, this is almost true. We find
1 − 2 = 

where  is almost i.i.d., and  () = 0

• How do we take advantage of this?
• Regress:

1 = 2 + 

• If
  0

1  2

• The asset in market 1 is “too expensive”
• For best way to exploit convergence trades (or mis-
pricings) using cointegration: Liu and Timmermann
(RFS, 2013)

• Easy, right?



• Wrong!
• Suppose we have two assets, with prices  and
 One might be tempted to look for arbitrage
strategies as in

 =  + 

• If   0 there is a relationship, and we can trade.

• No.
• Suppose

 = −1 + 

 = −1 + 

 () = 0

• Note: The two log-prices represent two independent
discrete Brownian motions.



• But:
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• Similarly:
 =

̂

 (̂)
is not consistent.

• The 2 does not converge to 0   →∞

• Illustration: spurious.m



Co-integration:
• Suppose that  and  are unit root (integrated)
processes, but there is a linear combination of 
and  that is stationary. That is, there exists a
vector  =

£
1 −1

¤
such that

 −  = 
and  is a stationary process. Then,  and  are
said to be cointegrated.

• There are formal tests for cointegration, but they
have low power against the alternative. Why?
(Think spurious correlation).

• Cointegration is only between contemporaneous
variables. I.e.  −  is a cointegrating vector.
But ∆ is not. However, the latter is also a way of
stationarizing the process.

• Cointegration occurs “naturally” in economics. It is
dictated by theory.



• Examples:
Prices 1 and 

2
 of the same asset traded on two

markets.

Dividend price ratio is cointegrated, or:
 − 

must be stationary

The long and the short rate must be cointegrated

Consumption and GDP must be cointegrated, etc.

Lettau & Ludvigson (2001), the “cay” ratio:
 − 1 − 2



2.4 Variance Ratio Tests and Market Efficiency

The starting point is
+1 =  + +1

• Let’s assume  = 0 (i.e., daily returns)
• The variation in +1 comes from +1

• Suppose +1 is iid (N?), then...
• Suppose +1 is indepedent (relaxing identically
distributed)

• Suppose +1 is serially uncorrelated (weak-form)
Various tests of weak-form efficiency...Can you
enumerate a couple?

• Suppose +1 is uncorrelated with other observable
(to market participants) variables at time  (semi-
strong form)

• Horizon is an issue
• At short horizons, we don’t run predictive regres-
sions. We work only with returns. Why?



• We want to estimate see if +1 is uncorrelated with
past information, or

 (+1) = 0

• Suppose +1 =  + +1 then  (+1) =

 (+1) = 0 [null]

• Alternatives can be:
+1 =  + +1 (AR(1))

+1 = 1 + 2−1 + +1 (AR(2))

+1 = +1 + 

+1 = +1 + 1 + 2−1 (MA(2))

+1 = 1 + +1 + 1 (ARMA(1,1))

We have to estimate all those models to eliminate
them against the null!



• The variance ratio test is a neat and “natural” way
to test market efficiency.

• Work with log returns,  which under the null are
unforecastable, uncorrelated (or independent, or
iid)

• Here is a useful observation about the variance of
a two period (log) return +2 [under the null]

  (+2) =   (+1 + +2)

=   (+1) +   (+2)

= 22

• In general, for the q-th period (long-horizon) return
+:

  (+) =   (+1 +  + +)

= 2

• Those implications were derived under the hypoth-
esis (the null) that returns are unforecastable.



• So, we have a “natural” test for the Random Walk
model (or equivalently, for unforecastable returns):

  (+)
      

=   (+1)

or

 () =
  (+)

  (+1)
= 1

• This is a simple test.
• Compute the variance of the -period returns.
• Compute the variance of the 1-period returns.
• It must be the case that the ratio of  (+)

 (+1)
must

be close to 1.

• Q: How close? We should not forget that the test
 () is a random variable with a corresponding
density, etc.

• Q: For what values of  () is the model a RW and
for what values it is not?

• ASIDE: We can relate the  () test to autocorre-
lations (see CLM, 1997).

• ASIDE: What  to choose?



• So, under the null hypothesis that  are i.i.d., we
can use the CLT to show thatp


³
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´
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(recall last lecture and the results about  and ̂)
or ³
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¶
• Therefore, we can conduct testing in the usual way:
Form a statistic

 =
\  ()− 1q

2(−1)


∼  (0 1)

• So, if  is greater than 1.96, we reject the null of IID
returns at the 5% level.



• Note: We must be careful when computing the long-
horizon returns + from overlapping observations.

• Q: Why?
• A: Because, under the null hypothesis, + are
i.i.d. If we use overlapping observations, they will
NOT be i.i.d. by construction.

• Some people advocate the use of overlapping
observations and correcting for correlation from the
overlap as:p

³

\  ()− 1
´
∼ 

µ
0
2 (2 − 1) ( − 1)

3

¶
• The correction of the variance is supposed to
correct for the overlap. At the same time we have
more observations, so the test might be “better”, or
more powerful.

• People are deluding themselves!
• If we correct exactly for the overlap, whether we use
overlap or not would make no difference. But the
uncertainty introduced around how to deal with the
overlap makes the second test less desirable.

• At the end of the day, we have the same amount of
information (returns), not more.

• We will make that more formal later!



3 Predictive Regressions and Market Efficiency:
Short Horizon Predictability

3.1 Short Horizon Predictability: Recent Papers

• Chordia, Roll, and Subrahmanyam, 2005.
"Evidence on the speed of convergence to
market efficiency," JFE.

Chordia, Roll, and Subrahmanyam, 2008.
"Liquidity and market efficiency," JFE.

• Paper: Evidence on the speed of convergence to
market efficiency
Q: Market is efficient at daily horizon. How about
at shorter horizons?

Premise: "Investors need time to absorb and
act on new information". Speed of information
impounding into prices

Link between market efficiency and liquidity:
"...more liquid should exhibit less pronounced
return predictability and vice versa"



Interval choice:  is 5-minute return (somewhat
arbitrary, but...)

Firm level returns (150 large firms)

Sample: 1993-2002 (TAQ database)
∗ Determine Buyer vs Seller Initiated Trades:
Matching trades to quotes...Lee and Ready(1991)
algorithm.

∗ OIB: Number of buyer minus seller initiated
trades over a period of time for a given stock, as
a fraction of all trades.

∗ Daily Stats: (Table 1)



Predictive Regressions: Cross-Sectional Univer-
ate(Panel) Regressions

Table 2: Main Results



Multivariate Regressions: Main Results (Table 5)



Bottom Line:
• OIB# predict returns at short horizons up to 30
minutes

• OIB# are positively correlated
• "In no more than thirty minutes, order imbalances
lose their predictive ability.. " (p.291)

• Markets are semi-strong form efficient if you
consider horizons of 30 mins or more



Paper: Chordia, Roll, and Subrahmanyam, 2008.
"Liquidity and market efficiency," JFE.
• Additional Argument: Liquidity
• From Abstract

"We find that such predictability is diminished
when bid-ask spreads are narrower, and has
declined over time with the minimum tick size."

"Variance ratio tests suggest that prices were
closer to random walk benchmarks in the more
liquid decimal regime than in

other ones."

Economic punchline: "These findings indicate
that liquidity stimulates arbitrage activity, which, in
turn, enhances market efficiency."

• Variables
Returns (5-minute), 



 =  − 

 = 2
¯̄̄
 ∗ − 




¯̄̄



• Effective Spread (Figure 2):



• Main Result: Table 5



• Robustness Results: Table 6



Variance Ratio Tests (Table 10)



Summary
• These two papers argued that equity markets were
mostly efficient.

• They were all about the properties of "unexpected"
returns, or +1

• Similar tests would argue that markets deviate
slightly from market efficiency

• Story not very different from Chordia et al. (2005):
Investors are boundedly rational, because they face
Cognitive limitations/Limited attention (Sims
(1995), Hong and Stein (1999))

Neglected stocks (Merton (1987))

Information will be impounded into prices with a
lag

• Same statistical tests!



• Literature:
Recent Papers: Huberman and Regev (2001),
Barber and Odean (2006), DellaVigna and Pollet
(2006), Hou (2006), Menzly and Ozbas (2006),
Hong, Torous, and Valkanov (2007), Cohen and
Frazzini (2008)

Recent Paper: "Complicated Firms," JFE 2012

Premise: Some firms are more "complicated" to
understand by investors than others

Compare returns of complicated firms vs portfolio
of simple firms that replicates the complicated
firms

The portfolio of simple firms should predict the
complicated firms



Table 1: Summary Statistics



Main Results: Table 4



• Robustness Check: Table 5



• Summary: We have looked at predictive regres-
sions in the context of market inefficiency
Short horizons (from 5-minutes to 2-3 days)

Market Efficiency: At what horizon are returns
uncorrelated?

Market Inefficiency: Emphasize the inefficiency
and design an empirical test that convincingly
tests for it (controlling for previous effects)

• Next Class: Predictability and Time Varying Ex-
pected Returns




