
1 Advanced Empirical Asset Pricing

• Class 2: Predictive Regressions and Time Varying
Expected Returns
Finish: Bounded rationality/slow diffusion of
information and predictive regressions

Time Variation in expected returns
∗ Fama and French (JPE 1988, JFE 1988, JFE
1989)

∗ Shiller (AER 1981)
∗ Next: Campbell and Shiller (1988)
Last Hour: Change gears–empirical portfolio
choice
∗ Brandt, Santa Clara and Valkanov (RFS, 2008)



• Recall, yesterday we were looking at
+1 =  + +1

• Empirical focus: time-series properties and pre-
dictability of +1

• The market efficiency literature argues that asset
returns are mostly unpredictable (Chordia et al.
(2005, 2008))

• Similar tests would argue that markets deviate
slightly from market efficiency

• Investors are boundedly rational, because they face
Cognitive limitations/Limited attention (Sims
(1995), Hong and Stein (1999))

Neglected stocks (Merton (1987))

Information will be impounded into prices with a
lag

• Same statistical tests!



• Literature:
Recent Papers: Huberman and Regev (2001),
Barber and Odean (2006), DellaVigna and Pollet
(2006), Hou (2006), Menzly and Ozbas (2006),
Hong, Torous, and Valkanov (2007), Cohen and
Frazzini (2008)

Recent Paper: Cohen and Lou "Complicated
Firms," JFE 2012

Premise: Some firms are more "complicated" to
understand by investors than others

Compare returns of complicated firms vs portfolio
of simple firms that replicates the complicated
firms

The portfolio of simple firms should predict the
complicated firms



Table 1: Summary Statistics



Main Results: Table 4



• Robustness Check: Table 5



• Summary: We have looked at predictive regres-
sions in the context of market inefficiency
Short horizons (from 5-minutes to 2-3 days)

Market Efficiency: At what horizon are returns
uncorrelated?

Market Inefficiency: Emphasize the inefficiency
and design an empirical test that convincingly
tests for it (controlling for previous effects)

• Next: Predictability and Time Varying Expected
Returns



2 Long-Horizon Predictive Regressions

• Early tests (Fama (1970, 1981)) were short horizon-
daily or monthly–evidence of market efficiency

• Fama and French (JPE, 1988)–long horizon
predictability of returns only

• Fama and French (JFE, 1988)–DP ration and long
horizon regressions

• Fama and French (JFE, 1989)–look at business
cycle variables, long-horizon, stocks and bonds

• Campbell and Shiller (RFS, 1988)



2.1 Fama and French (JPE, 1988)

• One of first papers to look at long-horizon pre-
dictability, 1 yr to 10 yr returns

• Main intuition: short horizon returns are noisy and
mask some low-frequency trends in returns

• Empirical approach: Univariate (returns only)
analysis

• Notation: r(t,t+T) to denote a long-horizon return
between t+1 and t+T



• Recall that if
 = −1 + 

where ||  1 and  is i.i.d. , mean zero, then
(+1) = 

(+ ) = 

(+1) = 2

(+ ) = 2
¡
1 + + 2 + −1

¢
 () = 0

 () = 2
¡
1− 2

¢
lim→∞ ( + ) = 0



• Recall that if markets are efficient, then log prices
are

+1 =  +  + +1
where +1 is white noise. Or, log returns are

+1 =  + +1
Autocorrelation in returns should be close to zero.

• Instead, suppose that we have two components
+1 = +1 + +1

+1 =  +  + +1

+1 ∼ stationary (e.g. AR(1))

• We don’t observe  and  only 
• Can we learn about the presence (properties) of 
from returns?

• Let’s work out  (+  −)



From the definition of returns
− =  − − = ( − − ) + ( − − )
+ = + −  = (+ − ) + (+ − )

• Let’s look at
 ( ) =

 ((+ − )  ( − − ))
 (( − − ))

=
−2 + 2 ( + )−  ( +2 )

22 − 2 ( + )
→ −1

2

• Because lim→∞  ( + ) = 0 (covariance
stationarity)



• If  is AR(1), then
We can show that  ((+ − )) =

¡
 − 1¢ 

Then   ( (+ − )) =
¡
 − 1¢2 2

Similarly,  ((+ − ) ( − − )) = −
¡
1− 

¢2
2

Or−  ( (+ − )) =  ((+ − ) ( − − ))

Therefore

 ( ) =
−  ( (+ − ))

  (( − − ))

•  ( ) measures the variability of the expected
change relative of the overall variability of 

• When  is close to 1,  ( ) will decay slowly and we
need large T to detect slow-moving parts!



• But we don’t observe  we observe 
• If we regress + on −  the regression
coefficient is

 ( ) =
 (+  − )

 (− )

=
 (+  − )

 ( − − ) +  ( − − )

=
( ) (+ − )

 ( − − ) +  ( − − )

=
− ( (+ − ))

 ( − − ) +  ( − − )
• When both a permanent and a stationary compo-
nents of prices are present, two effects at play
The mean reversion in  : Decreasing variance
 ( − − ) with 

The white noise component +1 : Increasing
variance  ( − − ) with 

• The expected result is a U-shaped pattern in return
autocorrelation



Main Results (Table 2)



Industry Portfolios (Table 1)



Bottom Line:
• Long-horizon autocorrelations are more suitable to
detect slow-moving components

• However, this comes at a cost: statistical precision
• There are fewer and fewer independent observa-
tions as we increase T

• This makes it more difficult to conduct inference.
In fact, FF88 use simulation to construct standard
errors around the estimates.

• Results are largely driven by the first 15 years of
data



2.2 Fama and French (JFE, 1988)

• Starting point: we can provide more robust evi-
dence on returns predictability by using additional
variables other than returns

• They use the dividend–price ratio (D/P) as a
forecaster of stock returns

• Provide more reliable statistical evidence
• Economic and statistical story of the results



• Intuition: Gordon Growth Model
• If expected returns () and expected dividend
growth rates () are constant, then

 =
 (1 + )

 − 




=
 − 

(1 + )

• But 


is time varying, so it might be related to

future expected returns (or future expected divident
growth)



Let’s look at the DP ratio over time



• Facts about the DP ratio
The average DP ratio has been about 3.91%
based on annual data

Its volatility is 1.50%, with a max of about
7%, a minimum of about 1%, and first-order
autocorrelation coefficient of 0.89.
∗ Monthly correlation of 0.99
This means that the DP ratio has experienced
�uctuations about twice its standard deviation in
either direction... not quite a “constant” variable!

Q: What accounts for its variations through time??

Q: Can we use time time variation to forecast
future returns?



• Let’s start with CRSP returns  (with dividends)
and 0 (without dividends)

(1 +) =
+1



+


¡
1 +0

¢
=

+1



• Then
 −0 =





• Problem: dividends are issued on a seasonal basis.
• If we do this at monthly basis, we will pick up some
of the seasonality

• Solution: the DP ratio is constructed from the
trailing (rolling) sum
Obtain 


monthly

Multiply by  to get monthly dividends 

Take the rolling sum, ̃

Reconstruct ̃



Fama and French construct ̃


and ̃

−1 (it does
matter much in practice)



• Predictive Regression
+ =  +  + +

•  is alternatively ̃


or ̃

−1
• T is one month, one quarter, one year (non-
overlapping), two, three, four years (overlapping)

• Intuition: Gordon model suggests that DP is likely
to capture (some?) variation in expected returns

• Of course, it is a noisy proxy for expected returns,
as it may also re�ect time variation in expected
dividend growth



Summary Stats (Table 2)



Predictive Results (Table 3, VW)



Equal Weighted Returns (Table 4)



• Summary of Results
Positive and statistically significant slopes
=evidence of time-variation in expected re-
turns

Similar evidence for VW vs EW and nominal vs
real, slightly weaker when using D(t)/P(t - 1)

Slope increasing with the horizon T; R2 increasing
with the horizon T

Limited OOS test

Works also when using the E/P ratio



• Horizon and Predictability
The explanatory power of the D/P ratio increases
with T

Economic and statistical question: Why?

• Statistical Explanation: Remember that the RHS
variable in all regressions is the same, Y (t)
Since

2 =
2 ()

2 () +   (+ )

It must be the case that the variance of fitted
values grows faster than that of the residuals
∗ This is consistent with there being a slowly
moving component in returns ()

∗ The residual variance, instead, grows less than
in proportion to return horizon



• Economic Explanation (Slight detour)
• Recall from the Gordon growth model

 ≈  (1 + )

 − 

• Let’s cheat a little bit and assume that  is time
varying. We will model conditional mean

+1 = + 

• Q: Why is this useful?



• A: Suppose  = 008 and  = 25 and  = 0152
Then +1 = 01362

• Suppose that  = 1, and  = 0 Then:

 ≈ 1

+1
=

1

01362
= 734

• Now, suppose that  increases at  + 1 or
+1 = 025

2 Hence, +1+2 = 02363

This implies that:

+1 ≈ 1

02363
= 423

• What happened to +1 (no dividend got paid)?
+1 =

+1 − 



=
423− 734
423

 0

• MORAL:  (+1 +1)  0
• BUT:  (+1 )  0 on average (long horizon)
• ALSO:  (+14+1)  0



• Look at the system
 =  + −1−1 + −1
−1 =  + −1 + −
+4 = +  + +4

• If  proxies for expected returns and there
is a positive shock (positive −1) then contem-
poraneous returns will go down and therefore
  0

• Future returns will go up, so b0.



Fama and French (Table 7)



Fama and French (JPE, 1988) vs Fama and
French (JFE, 1988)
• The same mean-reverting behavior was detected
looking at the autocorrelation of returns

• What does the D/P ratio buy us?
• Is it more powerful?
• FF run a regression with both the D/P and lagged
long-horizon returns and find that the D/P ratio
subsumes the information on lagged returns, which
are not significantly different from zero
Intuition: D/P ratio is a better proxy for expected
returns



2.3 Fama and French (JFE, 1989)

Two research questions
• Do the expected returns on bonds and stocks

move together? In particular, do the same
variables forecast bond and stock returns?

Is the variation in expected bond returns related
to business conditions? Are the relations
consistent with intuition, theory, and existing
evidence on the exposure of different assets to
changes in business conditions?

• Their answer to both questions is YES!



• Data
• Testing portfolios (+1)

VW and EW CRSP Indexes, useful to check the
impact of size

Portfolio on 100 bonds

Portfolios of Aaa, Aa, A, Baa, LG rated bonds

• Conditioning variables ()
D/P: sum of past monthly dividends during year [t
- 1;t] divided by price

TERM: difference between the yield on the Aaa
bond portfolio and the one-month bill rate

DEF: difference between the bond portfolio and
the Aaa



Properties of Conditioning Variables
• Autocorrelations of D/P, DEF and more rapidly for
TERM decay to zero as lag increases = stationary
but persistent variables.

• TERM shows little correlation versus D/P and DEF
( 0.2), while D/P and DEF are strongly correlated
( 0.7)
Interpretation: D/P, DEF, and TERM are all
measures of business cycle conditions but TERM
tracks short-term movements, at business cycle
frequency as measured by NBER

D/P and DEF show some swings at business
cycle frequency but mostly variations that go
beyond that – they capture lower frequency,
long-term shocks that span several measured
business cycles, periods of persistently poor or
good times

All these variables are high in bad times and low
in good times (counter-cyclical risk premia)

For example, the TERM is low around peaks and
high near troughs



Fama and French (1989), Table 1



Main Predictive Results (Table 2)
• Bivariate regressions: Regress +1 on ( ) 

( )  and ( ) 



• Summary of Main Results
The same predictive variables explain risk premia
in bond and stocks.

The variables are countercyclical, thus risk premia
are high when times are poor and low when times
are good

However, these variables have different persis-
tence (DEF and D/P versus TERM) and capture
different frequencies of changing economic
conditions.

This suggests that there is a mix of components
in risk premia that relate to long- and short- term
aspects of business conditions As in FF88, R2s
are increasing with the holding period return

DEF and D/P slopes are higher for stocks versus
bonds

The loadings on TERM don’t show much cross-
sectional variation =TERM captures a compo-
nent of risk premium that is common across all
long-term securities.



• Bigger Picture
The same variables capture variation in risk
premia across different assets is a somewhat
comforting result from an economic viewpoint.

The explanatory power is similar across assets.

Evidence of business–cycle �uctuations in risk
premia



2.4 Shiller (1981)

• Excess volatility
• Idea: Compare the properties of returns and
fundamentals

• Why: Movement in returns must come from
�uctuations in fundamentals (cash �ows)–assuming
a constant discount rate of 4.8%

• In the plot, for  = 0954 he constructs
∗ = Σ∞=1

+1+1+

• Argument: Fundamentals are too smooth when
compared to the volatility of realized returns



• Next: Campbell and Shiller (1988)–linearizing
returns



2.5 Brandt, Santa-Clara and Valkanov (2008)

• Empirical portfolio choice



Typical Portfolio Choice Problem

• Find portfolio weights (wi,t) that maximize utility of representative in-
vestor (given conditional information)

– Impose simplifying assumptions on utility, horizon, conditioning infor-
mation, etc.

• Distribution of returns (ri,t) is specified.

• Solve for the optimal portfolio weights:

wt = w(γ, xt,∆)

– γ are the preference parameters (e.g., risk aversion parameter for
CRRA utility)

– xt is a vector of state variables

– ∆ are the parameters of the data generating process.



Traditional Approach to Portfolio Problem

• Model expected excess returns of stocks as function of characteristics:

– cross-sectional regressions

– characteristics-based sorts

• Model unconditional covariance matrix of stocks:

– large number of (N2
t + Nt)/2 elements

– hard to guarantee matrix is well-conditioned

– very hard to incorporate conditioning information

– higher moments and cross moments ignored

• Markowitz portfolio solution w ∝ Σ−1µ with exploding portfolio weights:

– error maximization (Michaud, 1989)

• Common fixes:

– factor models (e.g., BARRA or Northfield)

– shrinkage (e.g., Jorion, 1986, Black and Litterman, 1992)

– portfolio constraints (e.g., Jagannathan and Ma 2003)



Main Idea

Specify the portfolio weight function as:

wi,t = f(xi,t; θ)

where

• f(.; .) is a known function

• xi,t is a vector of conditioning information (possibly firm specific)

• θ are parameters to be estimated



Parameterized Portfolio Weights

• Portfolio weight function:

wi,t = f(xi,t; θ)

= w̄i,t + θ>xi,t/Nt

= w̄i,t + (θme × mei,t + θbtm × btmi,t + θmom × momi,t) /Nt

where:

w̄i,t = weight of stock i in the benchmark (or market) portfolio at time t

Nt = number of stocks at time t

θ = vector of coefficients to be estimated

• Vector of characteristics for each firm xi,t normalized across stocks (mean
zero and standard deviation one) at each time t. Example:

– market capitalization, me

– the book-to-market ratio, btm

– lagged twelve-month return, mom



• Given the portfolio weight function, we compute portfolio returns:

rp,t+1 =
Nt∑

i=1

wi,tri,t+1 =
Nt∑

i=1

(
w̄i,t + θ>xi,t/Nt

)
ri,t+1

= rm,t+1 + ra,t+1

where

– wi,t is a function of predetermined variables

– rm,t+1 is the market (or some benchmark) portfolio return

– ra,t+1 is the return of an actively managed (hedge) portfolio



Example

• MSFT circa 2004:

– MSFT has me = 4, btm = −1, and mom = 1

– The weight of MSFT in the market portfolio is 0.02

– The coefficients are θme = −1.2, θbtm = 3.5, and θmom = 2.0

– There are currently 6,000 stocks in the investable universe

• Then, the weight on MSFT would be:

wMSFT,04 = 0.02 + ((−1.2) ∗ 4 + 3.5 ∗ (−1) + 2.0 ∗ 1)/6,000 = 0.0189

• Decrease our weight on MSFT by 0.0011

• Going through the data, we can calculate the weight on MSFT at the
beginning of each month using only information available at that time



Comments on the Parameterization

• Recall:

wi,t = w̄i,t + θ>xi,t/Nt

= w̄i,t + (θme × mei,t + θbtm × btmi,t + θmom × momi,t) /Nt

• Coefficients θ are constant across stocks and through time:

– portfolio policy only cares about characteristics, not stocks per se

– unconditional portfolio policy instead of conditional portfolio weights

• Standardized characteristics ⇒ θ>xi,t/Nt sum to zero across stocks:

– deviations from benchmark (active portfolio management)

– portfolio weights are guaranteed to sum to one

• Normalization 1/Nt allows number of firms to change over time



Estimation of θ’s in Investment Function

• Find θ that maximizes expected utility:

max
θ

E
[
u

(
rp,t+1

)]

• where the portfolio returns are

rp,t+1 =
Nt∑

i=1

wi,tri,t+1 =
Nt∑

i=1

(
w̄i,t + θ>xi,t/Nt

)
ri,t+1

• Estimated by maximizing average realized utility in sample:

max
θ

1

T

T∑

t=1

u
(
rp,t+1

)

• In the case of power utility with relative risk aversion γ:

max
θ

1

T

T∑

t=1

(
1 + rp,t+1

)1−γ

1 − γ



Comments on the Estimation

• The estimator

θ̂ = argmin
1

T

T∑

t=1

u
(
rp,t+1

)

is an extremum estimator (Amemiya (1985))

• We can use the standard GMM toolbox

• Portfolio optimization framed as statistical estimation problem:

– “maximum expected utility estimator”

– statistical and economic objective functions are aligned

• Optimization takes into account all moments of portfolio returns:

E[u(rp,t+1)] ≈ u(E[rp,t+1]) + u′′(E[rp,t+1])Var[rp,t+1]/2 +
+ u′′′(E[rp,t+1])Skew[rp,t+1]/6 + ...

which depend implicitly on all the moments of the stock returns



Comments on the Estimation (Cont’d)

• Analytic derivatives are straight forward to derive

• Optimization is easy and fast:

– small number of parameters (3 parameters ⇒ a few seconds on a
laptop)

– Bootstrapping is feasible

• Optimization is numerically robust and stable:

– if you pick a stock, you pick all other stocks with similar characteristics

– optimizer cannot game “wiggles” in the data

• Weakest link:

– Have to specify utility function

– Have to specify the investment policy function



Inference

• The GMM estimator θ̂ satisfies the first-order conditions:

H ≡
1

T

T−1∑

t=0

h(rt+1, xt; θ̂) ≡
1

T

T−1∑

t=0

u′(rp,t+1)(x
>
t rt+1)/Nt = 0

• GMM estimator is consistent, asymptotically normal, with asymptotic
covariance matrix:

AsyVar[θ̂] = [G>V −1G]−1

G ≡
1

T

T−1∑

t=0

∂h(rt+1, xt; θ)

∂θ
=

1

T

T−1∑

t=0

u′′(rp,t+1)(x
>
t rt+1)(x

>
t rt+1)

>/N2
t

and V is an estimator of the covariance matrix of h(r, x; θ) like:

1

T

T−1∑

t=0

h(rt+1, xt; θ̂)h(rt+1, xt; θ̂)>

• Standard errors for θ̂, hypothesis tests, selection of conditioning variables



Test of Equilibrium in the Stock Market

• In equilibrium, the representative investor chooses to hold the market
portfolio with weights w̄ (this is true in CAPM, equilibrium APT, CCAPM)

• In our formulation, when θ = 0, the market portfolio is optimal

• Test equilibrium conditions for a given representative investor by:

– testing whether θ = 0

– testing whether the expected utility of the optimum portfolio is equal
to the expected utility of the market (“expected utility ratio” test)

• Search over different preference specifications (e.g. different levels of γ)
to see if θ = 0 can be satisfied for any representative investor

• Since the optimal portfolio policy is likely to be misspecified (missing
variables, wrong functional form), the test is conservative

• The test does not require modeling the data generating process



Empirical Application

• CRSP/COMPUSTAT merged database 1962:7 to 2002:12

• Eliminate smallest 20% of companies

• Eliminate companies with negative book value of equity

• Number of stocks varies from about 2,000 to more than 6,000



Mean and Standard Deviation of Characteristics
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Base Case

All Stocks Top 500 Stocks

Variable Value Weight Optimum Value Weight Optimum

θme — -1.220 — -1.389
(0.547) (1.145)

θbtm — 3.466 — 1.557
(0.922) (0.725)

θmom — 2.000 — 1.709
(0.742) (0.561)

me 2.095 -0.118 1.527 -0.136
btm -0.451 3.296 -0.240 1.430
mom 0.012 1.839 -0.026 1.622

• Tilt toward small, value, momentum stocks



Portfolio Characteristics (
∑
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Base Case

All Stocks Top 500 Stocks

Variable Value Weight Optimum Value Weight Optimum

|wi| × 100 0.035 0.121 0.200 0.407
max wi × 100 4.625 4.363 5.343 4.226
min wi × 100 0.000 -0.323 0.037 -1.126∑

I(wi < 0)/NT 0.000 0.468 0.000 0.358

r̄ 0.120 0.244 0.117 0.200
σ(r) 0.161 0.190 0.158 0.176
CE(r) 0.052 0.153 0.052 0.115
α — 0.157 — 0.100
β — 0.440 — 0.704
σ(ε) — 0.177 — 0.136
IR — 0.890 — 0.734



Decomposing the Portfolio Return

• Recall that

rp,t+1 = rm,t+1 + ra,t+1

= 0.120 + 0.124

• The return ra,t+1 is due to two effects: (i) Taking short positions; (ii)
Using the leverage from short positions to invest in long positions

• We can decompose the hedge portfolio as

ra,t+1 = q(r+
a,t+1 − r−a,t+1)

– r+
a,t+1 is the return on the long part of the portfolio

– r−a,t+1 is the return on the short part of the portfolio
– q is the leverage of the long-short portfolio

ra,t+1 = 1.7(.190 − .118)



Other Specifications of the Portfolio Policy Function

• Portfolio weight constraints, e.g., no short-sales:

w+
i,t =

max[0, wi,t]∑Nt

j=1 max[0, wj,t]

• Interaction of characteristics (e.g., “growth stocks with momentum”)

• Time-varying coefficients:

θt = θ>zt,

where zt are business cycle indicators (e.g., interest rate spreads)

• Transactions costs

• Screens, e.g., sort stocks on θ>xi,t and equal weight top quantile



No Short Sales

Variable Value Weight Unconstrained Constrained

θme — -1.220 -0.182
— (0.547) (1.037)

θbtm — 3.466 2.043
— (0.922) (1.113)

θmom — 2.000 2.358
— (0.742) (1.199)

me 2.095 -0.118 0.632
btm -0.451 3.296 0.451
mom 0.012 1.839 0.886

• With short-sales constraint, no me,btm, and mom effects!

• These anomalies may be due to short-sales contraints



No Short Sales

Variable Value Weight Unconstrained Constrained

|wi| × 100 0.035 0.121 0.035
max wi × 100 4.625 4.363 2.455
min wi × 100 0.000 -0.323 0.000∑

I(wi ≤ 0)/NT 0.000 0.468 0.439

r̄ 0.120 0.244 0.173
σ(r) 0.161 0.190 0.180
CE(r) 0.052 0.153 0.085
α — 0.157 0.054
β — 0.440 0.977
σ(ε) — 0.177 0.088
IR — 0.890 0.620

• Constrained can exploit only positive positions

• Unconstrained portfolio can benefit from leverage from short position



Interaction Between Characteristics

Variable Value Weight Unconstrained Constrained

θme — -0.744 -0.836
— (0.680) (1.377)

θbtm — 4.444 5.596
— (1.062) (1.194)

θmom — 4.631 4.565
— (1.565) (1.353)

θme×btm — -1.727 3.325
— (0.894) (1.178)

θme×mom — 4.718 5.346
— (1.679) (1.849)

θbtm×mom — 4.249 4.000
— (1.837) (1.384)

me 2.095 -0.003 0.369
btm -0.451 4.714 0.684
mom 0.012 1.446 0.620
me × btm -1.142 -5.398 -0.254
me × mom 0.017 1.864 0.181
btm × mom -0.014 3.281 0.718



Interaction Between Characteristics

Variable Value Weight Unconstrained Constrained

|wi| × 100 0.035 0.186 0.035
max wi × 100 4.625 4.926 1.684
min wi × 100 0.000 -0.242 0.000∑

I(wi < 0)/NT 0.000 0.503 0.511

r̄ 0.120 0.428 0.200
σ(r) 0.161 0.278 0.186
CE(r) 0.052 0.231 0.106
α — 0.324 0.083
β — 0.742 0.962
σ(ε) — 0.252 0.104
IR — 1.283 0.795



Conditioning on Slope of Yield Curve

Variable Value Weight Optimum

θme×I(tsp≥0) — -1.918
— (0.707)

θme×I(tsp<0) — 0.952
— (1.197)

θbtm×I(tsp≥0) — 3.270
— (1.101)

θbtm×I(tsp<0) — 4.965
— (2.064)

θmom×I(tsp≥0) — 2.128
— (0.911)

θmom×I(tsp<0) — 3.499
— (1.613)

me × I(tsp>0) 1.616 -0.556
me × I(tsp≤0) 0.479 0.340
btm × I(tsp>0) -0.346 2.565
btm × I(tsp≤0) -0.105 0.909
mom × I(tsp≥0) 0.027 1.534
mom × I(tsp<0) -0.015 0.693



Conditioning on Slope of Yield Curve

Variable Value Weight Optimum

|wi| × 100 0.035 0.136
max wi × 100 4.625 4.370
min wi × 100 0.000 -0.389∑

I(wi < 0)/NT 0.000 0.475

r̄ 0.120 0.273
σ(r) 0.161 0.203
CE(r) 0.052 0.171
α — 0.191
β — 0.357
σ(ε) — 0.196
IR — 0.977



Different Utility Functions

Variable γ = 1 γ = 5 γ = 100 min var max Sharpe

θme -6.109 -1.220 0.146 0.006 -1.117
(2.881) (0.547) (0.227) (0.196) (0.587)

θbtm 6.970 3.466 5.025 1.887 3.303
(3.548) (0.922) (0.946) (0.311) (1.092)

θmom 7.380 2.000 0.483 0.455 2.415
(2.915) (0.742) (0.195) (0.297) (1.037)

me -5.932 -0.118 0.744 1.545 0.043
btm 8.043 3.296 4.508 1.414 3.085
mom 6.958 1.839 0.290 0.388 2.263

• max SR and γ = 5 results are similar



Different Utility Functions

Variable γ = 1 γ = 5 γ = 100 min var max Sharpe

|wi| × 100 0.320 0.121 0.146 0.070 0.121
max wi × 100 4.433 4.363 4.497 4.568 4.382
min wi × 100 -0.960 -0.323 -0.350 -0.142 -0.336∑

I(wi < 0)/NT 0.520 0.468 0.477 0.418 0.466

r̄ 0.546 0.244 0.190 0.155 0.251
σ(r) 0.598 0.190 0.187 0.137 0.195
CE(r) 0.363 0.153 -0.976 — —
α 0.507 0.157 0.109 0.050 0.164
β 0.375 0.440 0.345 0.742 0.447
σ(ε) 0.595 0.177 0.179 0.069 0.182
IR 0.851 0.890 0.609 0.731 0.900



Transaction Costs: Non-linear portfolio weights

• First way:

rp,t+1 =
Nt∑

i=1

wi,tri,t+1 − ci,t|wi,t − wi,t−1|

where ci,t is the one way transaction cost and Tt = |wi,t − wi,t−1| is the
turnover.

– ci,t can be constant, say 0.005 or

– ci,t can vary across stocks and time: ci,t = zi,t ∗Qt where zi,t = 0.006−
0.0025 × mei,t and Qt is a time trend, (1,4).

– This policy function is used by practitioners and is simple to under-
stand.

– However, it is not optimal in the presence of proportional transactions
costs (Magill and Constantinides (1976), Taksar, Klass, and Assaf
(1988), and Davis and Norman (1990)).



Transaction Costs: Non-linear portfolio weights

• Second way: In the presence of proportional transaction costs, the opti-
mal policy is to trade only if we are outside some boundaries around the
target weight. The optimal weight will be defined as:

wi,t = αtw
h
i,t + (1 − αt)w

t
i,t, if

1

Nt

Nt∑

i=1

(wt
i,t − wh

i,t)
2 > k2

wi,t = wh
i,t, if

1

Nt

Nt∑

i=1

(wt
i,t − wh

i,t)
2 < k2

where wh
i,t is the buy and hold portfolio between time t-1 and t and

wt
i,t = w̄i,t + θ>xi,t/Nt and

αt =
k
√

Nt

(
∑Nt

i=1(w
t
i,t − wh

i,t)
2)1/2

so that wt is exactly at the boundary k.



Utility Relative to Benchmark u(rp,t − rbench,t)

Bench: S&P500 Return Bench: 10 yr Bond Return

Variable Value Weight Optimum Value Weight Optimum

θme — -3.717 — -1.252
(1.104) (1.238)

θbtm — 0.314 — 1.685
(0.648) (0.680)

θmom — 1.924 — 1.670
(0.478) (0.513)

me 1.527 -2.273 1.527 -0.019
btm -0.240 0.535 -0.240 1.539
mom -0.026 1.959 -0.026 1.573



Utility Relative to Benchmark u(rp,t − rbench,t)

Bench: S&P500 Return Bench: 10 yr Bond Return

Variable Value Weight Optimum Value Weight Optimum

|wi| × 100 0.200 0.557 0.200 0.413
max wi × 100 5.343 3.537 5.343 4.295
min wi × 100 0.037 -1.400 0.037 -1.146∑

I(wi < 0)/NT 0.000 0.378 0.000 0.361

r̄ 0.070 0.182 0.070 0.180
σ(r) 0.035 0.136 0.035 0.173
CE(r) 0.067 0.135 0.067 0.092
α 0.009 0.115 0.009 0.127
β 0.986 1.125 0.986 0.507
σ(ε) 0.034 0.135 0.034 0.166
IR 0.852 0.852 0.852 0.765



Out-of-Sample Performance

First Sample (62-82) Second Sample (82-02)

Variable Value Weight Optimum Out-of-Sample Value Weight Optimum Out-of-Sample

θme — -1.707 -0.702 — -0.702 -1.707
— (0.822) — — (0.726) —

θbtm — 2.891 4.166 — 4.166 2.891
— (1.357) — — (1.084) —

θmom — 3.111 1.346 — 1.346 3.111
— (1.056) — — (0.704) —

me 2.078 -0.586 0.026 2.111 0.322 -0.228
btm -0.528 2.732 3.784 -0.375 3.952 2.913
mom -0.070 2.890 1.044 0.094 1.293 3.034



Out-of-Sample Performance

First Sample (62-82) Second Sample (82-02)

Variable Value Weight Optimum Out-of-Sample Value Weight Optimum Out-of-Sample

|wi| × 100 0.049 0.176 0.180 0.021 0.079 0.075
max wi × 100 6.119 5.661 5.802 3.130 3.019 2.990
min wi × 100 0.000 -0.516 -0.472 0.000 -0.181 -0.205∑

I(wi < 0)/NT 0.000 0.470 0.464 0.000 0.480 0.478

r̄ 0.103 0.293 0.201 0.136 0.245 0.265
σ(r) 0.155 0.233 0.194 0.166 0.163 0.224
CE(r) 0.043 0.151 0.113 0.061 0.177 0.121
α — 0.197 0.110 — 0.177 0.197
β — 0.795 0.660 — 0.154 0.153
σ(ε) — 0.198 0.165 — 0.162 0.223
IR — 0.994 0.668 — 1.095 0.884



Multiperiod Portfolio Optimization

• Multiperiod portfolio returns:

rp,t+1→t+K =
K∏

k=0

(1+rp,t+k+1)−1 =
K∏

k=0

[
1 +

Nt+k∑

i=1

(w̄i,t+k + θ>k xi,t+k/Nt+k)ri,t+k+1

]
−1

• Maximize sample average realized utility of multiperiod returns:

max
{θk}K−1

k=0

1

T

T−1∑

t=0

u
(
rp,t+1→t+K

)

• To avoid proliferation of parameters, the coefficients θk can be modeled
as constants or simple functions of time-to-horizon (K − k)



Conclusions

• New approach to portfolio optimization ⇒ parameterize optimal portfolio
weights as functions of the assets’ characteristics instead of modeling the
joint distribution of returns

• Many advantages relative to the traditional approach

– simple and feasible even for a large number of assets

– numerically robust

– easily modified and extended

– expected utility estimation and inference

• New test of the equilibrium implication of asset pricing models that does
not rely on distributional assumptions




