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Real Options: Main Ideas

@ In many project evaluation settings, the rm has one or more
options to make strategic changes to the project during its.life

o Examples

@ A rm may decide to abandon a project if the earnings from
the project falls below some level.

s An oil company may start extracting oil when the oil price get
high enough.

@ Such strategic options (real options) are typically ignored in
standard discounted cash ow (DCF) analysis, where a single
expected present value is computed. However, the real
options can signi cantly increase the value of a project by
eliminating unfavorable outcomes. i‘\‘

i
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Growth Options in Blitzen Computers

It is 1982.

You are assistant to the chief nancial o cer (CFO) of

Blitzen Computers.

Blitzen Computers is an established computer manufacturer

casting a pro t-hungry eye on the rapidly developing personal

computer market.

You are helping the CFO evaluate the proposed introduction

of the Blitzen Mark | (a rst generation computer).

The rst generation computer project has negative net present

value (NPV), but allows you to introduce a second generation

computer (Mark II) in three years. i‘!
CB
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Growth Options in Blitzen Computers

o Expected cash ows in million dollars for the rst generation
computer project (Mark 1)

Year 1982 1983 1984 1985 1986 1987
Expected cash ow {450 60 59 195 310 125
o Expected cash ows in million dollars for the second
generation computer project (Mark 11)
Year 1985 1986 1987 1988 1989 1990
Expected cash ow {900 120 118 390 620 250
@ The NPV of the future cash ows of Mark I, with a discount
rate of 20%, is${46.45 million.

@ The (1985) NPV of the future cash ows of Mark Il, with a
discount rate of 20%, i${92.90 million. i‘\!
i
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Growth Options in Blitzen Computers

e The CFO
¢ \The Mark | just can't make it on nancial grounds."
¢ \But we've got to do it for strategic reasons."
¢ \I'm recommending we go ahead."

e You

¢ \But you're missing the all-important nancial advantage."

o \If we don't launch the Mark I, it will probably be too
expensive to enter the micro market later, when Apple, IBM,
and others are rmly established."

s \If we go ahead, we have the opportunity to make follow-on
investments which could be extremely pro table."

@ \The Mark | gives not only its own cash ows but also a call
option to go on with Mark Il. That call option is the real n
source of strategic value." ‘A

CBS
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Growth Options in Blitzen Computers

@ Assumptions for Mark Il

@ The decision to invest in Mark Il must be made after 3 years,
in 1985.

¢ The investment costK, is $900 million, with a present value
(PV) of 900=1:1° = 676 in 1982.

s Forecasted cash ows has a gross value of $807.1 million in
1985, with present valueS, 807=1:2% = 467 in 1982.

o The future cash ows are highly uncertain, with a standard
deviation of 35% per year (which means that the value of
Mark Il is highly variable|it could be positive, dependingro
future market conditions).

s Annual risk free rate of 10%.

o Interpretation: The opportunity to invest in Mark Il is a
three-year call option on an asset worth $467 million with a‘l‘!
$900 million exercise price. e gs
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Growth Options in Blitzen Computers

o We use the Black-Scholes option pricing formula for valuation
of the option to invest in Mark I, where

Call value =SN(d;) PV(K)N(dy);
with
N 57~

S
PV(K) +

o= gl 17
1——|9_|_—2

? and d2 = d1 P ?Z

e This gives
Call value = 467 0:3793 676 0:1805 =5512
with

di= 0:3072 N(dy)=0:3793 dp= 09134 and i‘\!
N(dy) = 0:1805 CBS
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Growth Options in Blitzen Computers

e Thus, when you take the option value of the Mark Il into
account, the value of investing in Mark 1 is

Value = 4645 +55:12 = 8:67

@ This estimate of the value does not take into account
subsequent options: the Mark Il will give a call on the Mark
I11, the Mark Il on the Mark IV, and so on...
@ The main reasons for using a real options approach are
s Cash ow uncertainty creates option value|it is not always a
drawback
¢ Decisions can be taken dynamically (strategically)
s Try to decouple income risk and investment risk i‘!
i

CBS



Motivation

®00000000

An Opportunity to Invest in an Oil Project

A One-Period Binomial Model

@ Suppose an oil company considers to buy a one-year lease to
start drilling on undeveloped land with potential oil reserves.

@ The investment cost of the project is= 95 (in million
dollars).The investment can be made nowv= 0), in one year
(t = 1), or never.

e The current project value upon investment ¥ = 100
(million dollars). Next year, the value upon investment
increases toX, = 156:83 or decreases t¥y = 63:76. (This
corresponds to a project volatility of 45% per year.)

@ How much would the oil company pay to buy the project?

The answer using traditional discounting cash ow methods\i

_ . Y
Value =100 95=05; C B‘S
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A One-Period Binomial Model

o A price of $5 (millions) is too low|because we ignore the
possibility of delaying the investmentVe cannot value the
lease without rst deciding under what circumstances we will

extract oil ' _
o The states for the gross project values (i.e., asset values) are

given in a one-period binomial tree

Xy = 156:83
Xq = 63:76

t=0 t=1
@ Project values (Current value of the investment project is
represented by . At time 1, the project value i/, if the
asset value jumps up, andy if it jumps down.

Vy = maxf 156:83  95; 0g = 61:83
V =maxf100 95 v “ailg < \‘!
Vg = maxf63:76 95,09 =0 l‘
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A One-Period Binomial Model

o How do we nd the project valuey ?
@ Two main (equivalent) approaches
@ Construct a portfolio thatreplicatesthe value of oil project in
all future states, and evaluate this portfolio.
@ Use risk-neutral pricing: Findertainty equivalentasset values

(or cash ows) and discount these by the risk-free rate of
interest.

@ Two ways to obtain certainty equivalent cash ows
o From future (or forward) prices.
@ Risk-adjust future cash ows by adjusting the original drif

future cash ows by a risk premium (that comes from an
equilibrium model).

M
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A One-Period Binomial Model

First approach: Finding a replicating portfolio

@ Let S be the current price of oil, or more generally, the value
of a “twin security' that is traded in nancial markets and has
the same risk characteristics as the project (i.e., as the real
option) under consideration.

o Let the current oil price,S, be $40 per barrel. Next year the
oil price jumps up toS, = 62:73, or down toSy = 25:51, as
illustrated in the binomial tree

Sy =62:73
S =40

Sg =25:51
t=0 t=1

@ This corresponds to a return volatility of oil of 45% per ye "
(le.,u= e¥5=1:5683 andd = { = e %45=0:6376.) ai“
CBS
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A One-Period Binomial Model

First approach: Finding a replicating portfolio

e As forward contracts on oil are perfectly correlated with the
cash ows of the oil project, we can replicate the oil project by
trading in such forward contracts.

o Let Fot be the forward price on oil, on a forward contract
that is entered into at time 0, with delivery at timd .

e The forward price is given bifgr = Se' )T, wherer is the
yearly, continuously compounded risk-free rate of interest, and
is a continuous convenience yield per year on the commodity.

o Letr =0:05and =0:04.
@ In our example, the forward price is given by

\
Fo =40 e©05 0091 = 4040 ﬂ!
CBS
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A One-Period Binomial Model

First approach: Finding a replicating portfolio

A portfolio that replicates our oil project needs to have the
same value as the oil project in all future states.

In the replicating portfolio, let be the number of forward
contracts we hold, and leB be the amount we hold of a
risk-free bond.

The replicating portfolio equals the value of the oil project if
the following equalities hold for both states at time 1

Oil price jumps up (62:73 40:40)+ B =61:83

Oil price jumps down (25:51 4040)+B =0
The two equations are satis ed when =166 and

B = 24:74. i“!

CBS
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A One-Period Binomial Model

First approach: Finding a replicating portfolio

e That is, we can construct a replicating portfolio by holding
1.66 million forward contracts and $24.74 million in risk-free
bonds at time 1.

o In order to nd the current value of the oil project, we use the
no arbitrage principle Two investment (in our case, the
replicating portfolio and the oil project) that gives the same
payo in all future states, must have the same value today.

@ The value of the replicating portfolio at time 0 is

\/ Wait — 0+ e 90512474 = 23:54

(The value of a forward contract at the time it is rst enterei‘!
into is zero.) \
CBS
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A One-Period Binomial Model

Second approach: Risk neutral pricing

@ How can we in our example nd certainty equivalent cash
ows without using the replicating portfolio approach?

o Easy when the project is perfectly correlated with
futures/forward prices, as these prices represent cetain
equivalent values of spot prices!

s In our example, risk-neutral probabilities can be deriveshdr
the forward price on oil

Sd" M=psg,+1 p)S;

where the left-hand side of the equality is the forward price
Fon= Sér h,

M
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A One-Period Binomial Model

Second approach: Risk neutral pricing

@ Solving the equation wrp gives

e I d
P =04
e(0:05 0:04) 1 e 0:451

T T 0451 g 0451 0:4002

@ Valuation of our one-period binomial example using risk
neutral pricing

V=maxfX l;e "(pVu+(1 p)Vq)g
=maxf100 95e %%0:4 61:83+(1 0:4) 0)g= 23:52!\‘\‘!
CBS
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@ Investment and Financing Decisions

Do they interrelate?

Capital structure decisions before the investment

The investment decision itself

The nancing of the investment

Modigliani and Miller (1958, 1961, 1963) and Myers (1977)

o Di erent competitive settings: monopoly, imperfect
competition, perfect competition

¢ © ¢ ¢ €

o Di erent industries: mature, growth

M
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An Investment Opportunity: a real option

o The benet from an investment project
dvi = V¢ dt + V; dW,
e Payo at the (stochastic) investment date,
maxt V I; Og

What is the value of this investmentpportunity (real option)
at an earlier datet ?

G = max e ' VEQ? maxVv I;0g
Stopping times,

N
@ American option ﬁ!
CBS
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An Investment Opportunity: a real option

e Howto nd C?
G = c(Vi;t)
where the functionc( ; ) is a solution to the (no arbitrage)
PDE

1
> 2V2ey(Vit)+ Ver(Vit) + cp(Vit)  re(V;t)=0

o If is limited to a nite horizon, T, no "nice' solutions

M
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An Investment Opportunity: a real option
o If the horizon is in nitely long then
c(Vity) = c(V;t2)

Why? V is a time-homogenous Markovian process
o That is,
c(V;t)=0

@ The PDE is reduced to an ODE
% 2v2c®vy+ vedv) re(v)=0
@ Well-known general solution to this ODE
c(V)= Vi + pV©
wherex; and x; are the two solutions to the quadratic

equation i“!
CBS
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An Investment Opportunity: a real option

@ An in nite maturity option to pick a date, , when the holder
then receives

v o
How to pick optimally?
Trigger strategy: Pick the rst date, , whenV  V
V is called the trigger (or threshold) level for investment
V is a constant when the maturity is in nite

e & ¢ ¢

M
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An Investment Opportunity: a real option

e A trade o: Wait to get an even biggeV (and pay the price
| later) versus getting the currenY now (and pay the price
now). (Volatility versus discounting)

@ The value matching conditions
c(0)=0 cv)=Vv |
e The smooth pasting condition
cqv )=1

o Why?
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An Investment Opportunity: a real option

c(V)




Motivation Real Options Capital Structure Investments Conclusion

[e] 000000e 0000000 000000000000 000 (e]e]e}
000000 000000 000000

000000000

[e]

An Investment Opportunity: a real option

@ Three equations and three unknowns;; c;; V
@ V has a nice simple form

X1
X1 1
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The Simplest Option: An Example

@ You own a house. Current value DKK 5 mill.
@ Someone o ers to buy your house for DKK 4 mill.
@ Is this a valuable o er?

s What are the terms? Time horizon
@ How does house prices behave in the future?
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The Simplest Option: An Example

@ How does house prices behave in the future?
dVi = Vi dt + Vy dW,;

o We call the trend
¢ We call the volatility

House value, V¢

A

» time CBS
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The Simplest Option: An Example

@ The time horizon of the o er
¢ At a given date in the future: datd
o Decision is trivial: sell ifVy is less thanK at date T
@ Valuation non-trivial but solvable. (Black-Scholes forma)
s At any date in future, but no later than a given datd,
@ Decision and valuationvery complicated: Requires
complicated numerical procedures
s At any date in the future|no limit
o Decision is: sell at the rst date whenV is less than the
trigger valueV
e V = XK, where

1+x

2 2+PgEe(z 2y
2 2

& Valuation solvable. (Not so interesting for our purpose.) CB'S

X =
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The Simplest Option: An Example

@ Why is this the optimal time to exercise?
s The decision to sell (exercise the option) is non-reveesii
irreversible
@ Future house prices are uncertain
@ The optimal time trades o the time value of money (get the
money earlier) with the change of making an even better deal

(sell when the value of the house is even lower)
@ Some numbers

r

Base Case 3% % 5% 20% 0% 4%

1-:(_>< .83 .81 .85 .95 .61 73 .89
Vo (mill) 3.33 3.26 3.39 3.78 2.45 2.92 3.57
Waiting 17.4 28.2 12.6 19.8 13.5 15.4 18.8
Rel. Waiting .87 .85 .88 .99 .68 77 .94
e The true stochastic behavior of future house prices i“!
/l

e The competitive environment CBS
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The Simplest Option: An Example

House value, Vt

A

> time
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Conclusion

From Values to Cash Flows

@ Where does the value of the house come from?

¢ E.g., future prot from rent minus maintenance costs;
¢ The future pro ts in the future behaves as

dt: t dt + t th

o Value of the house will be

Vt =

r

@ Decision to sell can be written as the rst date when is
less than a given trigger value,

M
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A Firm and its Capital Structure

o Literature: Black and Cox (1976); Leland (1994, 1998);
Fisher, Heinkel, and Zechner (1989); Kane, Marcus, and
McDonald (1984, 1985); ...

e Trade o: More debt gives more tax savings, but also higher
bankruptcy costs

e Bankruptcy: Equity holders of a rm literally nance the
coupon payments to debt. Equity holders' limited liability i
de facto a real option to surrender the assets of the rm to
the debt holders and thereby be relieved from future coupon

payment obligations
\‘!
k)
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A Firm and its Capital Structure

@ The extremely stylized income/expenses statement of the rm

Income | Expenses
C

Prot c
Tax c
After-tax prot a e
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Capital Structure Investments Conclusion

A Firm and its Capital Structure

@ The value of the (real) assets of the rm develops as
th = Vi dt + Vi th

o The stylized asset/liability statement of the rm
Assets Liabilities

\Y BC
B D
E

Total value V+TB |BC+ D+ E
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A Firm and its Capital Structure

e Equity holders use a trigger strategy: Let rm go bankrupt
the rst date whenV Vg

e Equity and Debt values are in nite maturity claims oy, and
therefore solutions to an ODE

1 .
> 2v2c%v)+ veqV) re(V)+Cash ows to claim=0

M

CBS
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A Firm and its Capital Structure

@ The value matching conditions
E(Ve)=0 D(Ve)=(1  )Vs
Jm E(V)= v w Jim D(V) = ?
@ The smooth pasting condition
EqVe)=0

o Why?
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A Firm and its Capital Structure
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A Firm and its Capital Structure

@ The rm's capital structure is optimized at the initial date
(date 0)

maxg(Vo) + D(Vo)
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A Firm with Production Cash Flows

@ A more elaborate model with production cash ows,
@ The production cash ows develop as

di{= ¢ dt+ ; dW,

@ The income/expenses statement of the rm

Income Expenses
t
C
Prot t C
Tax (¢t ©
Aftertax prot (1 )(¢ ¢)
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A Firm with Production Cash Flows

o Value of future production cash ows
Z,

Vi = K er(s B st =r
t

e Hence,V is a GBM if and only if is a GBM. Same drift, ,
and volatility,

e Equity holders use a trigger strategy: Let rm go bankrupt
the rst date when B

e Equity and Debt values are in nite maturity claims on and
therefore solutions to an ODE

%ZZCOQH ¢ ) rc()+Cash ows to claim=0 i‘!
CBS
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A Firm and its Capital Structure

@ The value of the (real) assets of the rm develops as
th = Vi dt + Vi th

o The stylized asset/liability statement of the rm
Assets Liabilities

\Y BC
B D
E

Total value V+TB |BC+ D+ E
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A Firm with Production Cash Flows

e The value matching conditions

E(g)=0 D(e)=(1 )A B
@a e
r

imE()= - imD()= -

@ The smooth pasting condition

EYs)=0

@ Initial conditions (exploiting the scalability feature ohé
model)

_ _ _ \q
E()+ D)=A D@L)=P EL=A P Clgg
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A Firm with Production Cash Flows

o The rm's capital structure is optimized at the initial date
(date 0) and after each bankruptcy

maxA
C

@ l.e., without loss of generality, we assume that the initiadtd
is equal to 1 | the scalability feature

o Where does come from?
@ How about investments?

M
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A Micro Foundation

@ A production unit delivers an instantaneous ow of cash,

e Future output prices are stochastic, e.g., the price of crude oil
is Pt = pXt
dX; = X; dt+ X¢ dW,

@ Costs of producing a given quantity,
C(q) = kg™ )

Convex costs of producing
@ Instantaneous pro ts of producing

(a)= Pg kg™ i\‘!



Motivation Real Options Capital Structure Investments Conclusion
o 00 0®0000000000000 000

A Micro Foundation

@ Optimal instantaneous production quantity
s

X
q %)=

@a+ )k
e Optimal instantaneous ow of cash (prot)
t = aXt k

for some parameterss, , and (and some restrictions on the

parameters) .
N

CBS
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A Real Option to make an Investment

@ We have an option to improve the production

s Investl at a given date
s After the investment the costs of producing changes from

Co(q) = kog** )

to
Ci(q) = kg )

s Hence, the optimal instantaneous ow of cash (pro t) change
from

0= ax Ko
to
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A Real Option to make an Investment

o The option to invest is

s Irreversible

e Future output prices are stochastic

¢ We assume in nite time horizon for simplicity

@ Hence, trade o between getting improved cash ows earlier
versus saving the interest on the capital for the investment

o The optimal time to invest will be rst date whenX is
greater than a given trigger value'

M
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Other Competitive Settings

o Demand for the product, e.g. crude oil, for a given prige,

ap)= X p

@ Solutions
s Monopoly: Use market power. l.e., take price impact into
account when optimizing oven: g, (X:)
o Duopoly: Both competitors take price impact into account
@ Cournot competition: gc(Xt)
@ Bertrand competition: gg (Xt)
o Perfect competition: Each producer takes the prigeX; , as
given. Hence, as we have segg(X;)
N
i

CBS
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Other Competitive Settings

o In all cases will we get instantaneous pro t from producing on
the form
t = aXt k
but each case gives di erent parametes, , and (and
di erent restrictions on the parameters)

X

251 i

20}

1.5

1ol

05! i‘!
‘ ‘ ‘ - x CBS

0.5 1.0 15 2.0
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The Firms Capital Structure Decision

@ (Instantaneous) cash ow from the production unit;

e Firm is nanced by
e Debt with xed instantaneous coupon rate;, and in nite
maturity
¢ Equity
@ Cash ow to
s Debt: (1 j)c
o Equity: 1 ¢)( ¢ c©)
@ An Investor who have invested in both debt and equity:
(1 e) t +( e i)C
@ The curse of having debt: Bankruptcy
@ The equity holders have a real option to stop paying the
coupons. l.e., if ; becomes too low relative to the equity \"
holders will exercise this option. Hence, there is a trigger ‘A
value,XB. (l.e., in terms of the state variabl.) C B‘S
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A Firms Capital Structure

Instantaneous pro t

A

L,
U S
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Combining Investments and Capital Structure

@ We have an option to improve the production

s Investl at a given date
o After the investment the parameter in the optimal
instantaneous cash ow

t:aX{k

changes fronkg to k;

o The rm has already some debt in its capital structure with
instantaneous couporgy

o (Part of) the capital needed for the new investmerit, will be
raised by issuing more debt in the rm (with instantaneous

coupon,c;) i‘!
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Combining Investments and Capital Structure

@ We have to be careful with covenants of debt and with how to
split the rm value in case of bankruptcy between the two
classes of debt | here we assume APR (absolute priority rule)

o Typically, a rm has to default on all its debt at the same
point in time.

@ The decision to make the investment (and how to nance it)

will be taken by the equity holders, i.e., maximizing their
future cash ow

M

CBS
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Combining Investments and Capital Structure

@ What is happening?

e Cash ows before the investment
e Debt: (1 i)co
o Equity: (1 e)(aXiky Co)

s Cash ows after the investment
o Debt: (1 i)(co+ c1)
o Equity: (1  e)(aXik, ©co c¢1)

@ The capital raised by issuing the new debt helps the equity

holders nance the new investment,

M
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Combining Investments and Capital Structure

@ A couple of (interesting) questions
s Does it delay or accelerate the decision to make the
investment that
o there is already some debt in the rms original capital
structure (delay)
o that (part of) the investment capital, |, can be raised by
issuing new debt? (accelerate)

s Can we separate the e ect of the two issues?

@ Does it change theoriginal decision to issue debt in the rm
that the rm has a (valuable) real option investment
opportunity? (reduce initial debt for two reasons|(i)
bankruptcy kills the investment option (ii) we get a second
chance to increase debt) \"

e

CBS



Investments

000000000000800
Some numbers
=1 Pure E E&D E&D E&D E&D
No RF RF, APR RF, APR, FB IC
Firm Value 4.833 5.199 5.299 5.300 5.300
Bankruptcy Trigger 439 401 401 401
Re nancing Trigger 4.529 3.769 3.776
Leverage 66.59 62.00 61.96 61.91
Credit spread 86.0 735 72.7 74.1
=1 Pure E E&D E&D E&D E&D E&D
No RF No RF, FB RF, APR RF, APR, FB IC
Firm Value 6.336 6.729 6.738 6.947 6.952 6.954
Bankruptcy Trigger .386 400 .280 .293 .296
Investment Trigger 1.689 1.784 1.554 1.827 1.682 1.686
Leverage 56.18 58.17 41.89 43.91 43.73
Credit spread 73.2 74.6 38.0 39.0 50.1
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Some numbers
=1:2 Pure E E&D E&D E&D E&D
No RF RF, APR RF, APR, FB IC
Firm Value 4.916 5.266 5.380 5.381 5.381
Bankruptcy Trigger 444 .409 .408 .408
Re nancing Trigger 4.818 4.102 4.108
Leverage 64.3 59.80 59.78 59.74
Credit spread 92.7 80.2 79.6 80.8
=1:2 Pure E E&D E&D E&D E&D E&D
No RF No RF, FB RF, APR RF, APR, FB IC
Firm Value 7.204 7.600 7.618 7.849 7.856 7.858
Bankruptcy Trigger .378 406 .258 .276 279
Investment Trigger 1.523 1.616 1.340 1.662 1.538 1.541
Leverage 51.57 55.57 35.00 37.66 37.43
Credit spread 75.2 77.1 33.8 35.1 49.2




Investments
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Some numbers
=:8 Pure E E&D E&D E&D E&D
No RF RF, APR RF, APR, FB IC
Firm Value 4.926 5.319 5411 5.412 5.413
Bankruptcy Trigger 434 .395 .395 .395
Re nancing Trigger 4.342 3.547 3.554
Leverage 68.60 64.00 63.94 63.88
Credit spread 80.2 67.9 67.0 86.0
=:8 Pure E E&D E&D E&D E&D E&D
No RF No RF, FB RF, APR RF, APR, FB IC
Firm Value 5.947 6.357 6.361 6.551 6.555 6.557
Bankruptcy Trigger .392 401 .300 .310 313
Investment Trigger 1.895 1.992 1.783 2.030 1.864 1.867
Leverage 60.49 61.55 48.47 49.90 49.76
Credit spread 71.2 72.1 41.8 425 50.9
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Some Empirical Implications

@ (Initial) leverage ratios depend on

Industry: More growth, less leverage

Competitiveness: More competitive, less leverage
Convexity of costs: ambiguous

Moneyness of real investment option(s): more in-the-magney
less leverage

e Investment triggers
e Bankruptcy triggers

@ In order to implement rst best decisions of investments a rich
menu of debt covenants to pick from is essential in designing

debt contracts
i‘!
\J
CBS
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Why are we doing this?

e Investment (and bankruptcy) behavior and the competitive
environment

@ How does capital structure in uence investment decisions
(Compare Myers, 1977)

e How taxes in uence investments (and bankruptcy) across
di erent industries

@ Analyzing bankruptcy treatment

e Return requirements for di erent types of (optimal) nancing
of investments

@ A rigorous treatment of Weighted Average Cost of Capital
(WACC)

@ Separation between direct and indirect bankruptcy costs \"
M

@ Only one investment option per rm (Will be lost in case of )
bankruptcy before investment option is exercised) CBS
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Motivation

The Big(ger) Picture

@ Does the insights from this model relate to the nancial
crisis?
o With debt (real options) investment become pro cyclical
s Would automatically converted debt help?
e Ex post: YES
o But ex ante: NO

s What would help?
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