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Linear Factor Models Definitions

We are interested in linear factor models of expected returns,
N
Rit = E[Ri: + Z Bij (Fjt — E[Fjd]) + €ir,
j=1

where
E [6,"1-] = 0, VI, and Cov [6,’7t7 Fj,t] = 0, VI,J

The expected level of returns is specified as

N

E [R,‘J] — Rﬁt = Z 51'71' X AJ'
— F ~~ ~~

Expected Excess Return =1 Risk Exposure  Risk Premium

Well-grounded in economic theory—uwidely, but often poorly, understood.
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Linear Factor Models Questions

Questions in which we might be interested:

@ Does the model explain the expected returns of all the assets?

@ Does the model explain the expected returns of the assets better than
some other model?

© Does the performance of the model degrade if a particular factor (or
set of factors) is removed?

@ What are the risk premia of the factors?
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Linear Factor Models Misspecification

When a perfect linear relation between the expected returns and the beta
coefficients exists, the definition of the risk premia is clear—they are the
slope coefficients of the perfect linear relation.

What if there is not a perfect linear relation (i.e., the model does not
explain the expected returns perfectly)?

Can we still assign risk premia to the factors in a reasonable, and uniquely
defined way?

Is there a reasonable, well-defined way to rank models which are
misspecified?
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(RO CETQSETG T VI Il Strict Dominance

If one choice of risk premia strictly dominates another (i.e., causes the
prediction error of some assets to decrease, but does not cause the
prediction error of any asset to increase), then it is clear that the first
choice is better.

@ However, there is precisely one situation in which this is the case—if
the first choice results in the perfect model, i.e., one that has no
prediction error for any asset.

@ |If the first choice of risk premia fails to predict all expected returns
perfectly, it never strictly dominates any other choice of risk premia.
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Linear Factor Models Compromise

So unless we have a perfect model, choice of risk premia and model
evaluation is something of a compromise.

We can choose the risk premia to do a better job predicting the expected
returns of some assets, by allowing its performance to degrade on other
assets.

Similarly, every misspecified model still predicts the expected returns of
some assets well. So which assets are the most important to match? How
much weight should be assigned to each asset?

The same principle holds for evaluation of fit—if two models are
misspecified, each will always do a better job predicting expected returns
of some particular assets than the other model.

Is there a method for choosing risk premia, and for evaluating the
goodness-of-fit of models for expected returns, that is in some sense
“optimal”? Or are the choices essentially arbitrary?
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Linear Factor Models Extant Methods

Methods of assignment of risk premia that have been used:

@ Two-pass OLS regression—seriously problematic (see Kandel and
Stambaugh (1995), Hou and Kimmel (2020), others)

@ Two-pass GLS regression—much less problematic, but results can be
found in much simpler ways (see same authors)

© Hou and Kimmel (2020)—simple, straightforward, robust, rarely used.

Model evaluation criteria:

@ Gibbons/Ross/Shanken test, GMM tests—rigorous and well-defined,
but give a binary reject/do-not-reject decision for a single model.

@ Sharpe ratio tests—compare misspecified models.

© Analysis of second-pass coefficients in regression methods—commonly
used, conceptually flawed, provides no useful information.

© Hansen-Jagannathan distance.

© Other methods?

Model evaluation techniques are often very ad-hoc and arbitrary.
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Two Guiding Principles Definitions

Two fundamental guiding principles:

@ A model evaluation criterion should be based on the models’
predictions.

@ The purpose of the model is to describe the cross-sectional expected
returns. So the performance of the model should be based on the
expected returns it predicts, not on other criteria.

@ If one model describes the expected return of some asset better than
another model, but the two models agree on all assets returns that are
uncorrelated with this particular asset, then the first model should be
evaluated as “better".

The only model that ever strictly dominates (that is, that predicts the
expected returns at least as well as, and sometimes better than) any other
model is the perfect model that predicts all expected returns correctly.

If two models each have some degree of misspecification, each one will
predict the expected returns of some particular assets better than the
other, so there will not be strict dominance.
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Factor Rotation Invariance Definitions

Factor rotation invariance—although a model evaluation criterion depends
on the explanatory factors, it is factor rotation invariant if taking linear
combinations of the same factors does not change the result.

Suppose factors F are replaced by other factors,
F* = QF,
where € is a full-rank matrix.

A model with the evaluation criterion is invariant to factor rotation if the
criterion is the same using F or F*.

In words—a model evaluation method is invariant to factor rotation if,
when the factors are replaced by linear combinations of the same factors,
the method returns the same score.
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Factor Rotation Invariance Example

Simple example of factor rotation—consider Fama/French model, with

factors
RMR

F=| SMB

HML

Replace with alternate factors

RMRF
F* = | SMB+ HML

SMB — HML

Would a reasonable model evaluation method treat the two models
differently?
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Factor Rotation Invariance Risk Premia

Suppose the beta coefficients for some asset on a set of factors F are given
by B;, and the factors have risk premia ~.

Then the beta coefficients for some asset on a set of factors F* = QF are

B =Bt

If the alternate factors have the risk premia

7 =Q,

then the model based on the alternate factors predicts exactly the same
expected returns as the original model.

Could some other vector of risk premia, 7} provide a better fit for the
model with the alternate factors?
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Factor Rotation Invariance Invariance

If so, then vo = Q714 provides the exact same “better” fit for the model
with the original factors.

So if the expected returns predicted using F* and ~j are better than those
using F* and ~*, then should not the expected returns predicted using F
and g be better than those found using F and ~7

If you respect the first guiding principle, and if v are the “best” risk premia
for the factors F, then

7=y
must be the “best” risk premia for the factors F*.

Furthermore, also by the first principle, the fit of the model based on F*
must be the same as the fit of the model based on F.
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Asset Rotation Invariance Definitions

Asset rotation invariance—although a model evaluation criterion depends
on the universe of investment opportunities available, it is asset rotation
invariant if it does not depend on how these investment opportunities are
packaged into individual assets.

Suppose the assets R are replaced by another set of assets,
R = QR,

where Q is a full-rank matrix, with the sum of elements in each column
equal to one.

A model evaluation criterion is invariant to asset rotation if the criterion is
the same using R or R*.

In words—a model evaluation method is invariant to asset rotation if, when
the assets are replaced by portfolios that offer exactly the same investment
opportunities as the original assets, the method returns the same score.
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Asset Rotation Invariance Example

Simple example of asset rotation—two assets, R; and Rs.

Let
3

1
=R — =R,
2 21 22

1 1
Ri ==Ri+ =R and
1=5M + 52
Assets Ry and Rj offer exactly the same investment opportunities as R;

and RQ.

A rotation-invariant model evaluation technique returns the same score if
applied to assets Ry and Ry or R} and R5.

Typical OLS cross-sectional regression methods are not rotation invariant.

Kandel and Stambaugh (1995) show shocking examples of how badly
non-rotation invariant techniques can be manipulated to provide any
desired result.
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LY AN EHOMNIEEYII Two Uncorrelated Assets, Equal Variance

Asset rotation invariance is a consequence of the two guiding principles
(with a slightly annoying technical exception, if two models are exactly
tied on a primary model evaluation criterion).

We start with a special case, of two assets with equal variance of return,
and zero correlation.

The job is to show that, if the two guiding principles are respected, then a
model with a lower sum of squared prediction errors has a better fit.

Plot prediction errors on a graph, one asset on each axis—models with the
same sum of squared prediction errors fall on a circle around the origin.
Larger radius means larger sum of squared prediction error.

@ Show that, if the two guiding principles are respected, every model on
a circle with a smaller radius, has a better fit than every model on a
circle with larger radius.

@ Do this, by following, segment by segment, a spiral trajectory from a
point on the inner circle to a point on the outer circle.
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A MR NIWEEL TSI Spiral Trajectories

Inner Circle

Outer Circle
Coarse Trajectory ——
Fine Trajectory ——

Prediction Error (Second Excess Return)

Prediction Error (First Excess Return)
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ACEE MR MNWVEEY I Smaller Radius is Better

By following a sufficiently fine spiral trajectory from a point on the inner
circle to a point on the outer circle, the goodness-of-fit must decrease
along each segment.

Because it decreases along each segment, the point on the outer circle has
worse goodness-of-fit than the point on the inner circle.

This is true regardless of which points we choose on the two circles.

It follows that every point on the inner circle, has better goodness-of-fit,
than every point on the outer circle.

This is true for any two circles with different radii.
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Asset Rotation Invariance Many Uncorrelated Assets, Equal Variance

Extend to many assets, uncorrelated returns, equal variance.
Achieved by orthogonal axis rotation.

Instead of circles, we have spheres (in three dimensions), or hyperspheres
(if four or more dimensions). We use “hypersphere” throughout, regardless
of number of dimensions.

Choose a point on the inner hypersphere, and a point on the outer
hypersphere.

Work with excess returns,
Z=R-R-

Axis rotation—choose portfolios of the original assets, such that excess
returns are given by
Z'=C"z7

where
cch=1.
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Asset Rotation Invariance EESIINRIESHIEICS

The new excess returns also have equal variance, and are uncorrelated.

Also note that the sum of squared prediction errors for the alternate assets
is the same as for the original assets.

Prediction errors are
Nz =flz— Wz

Then

77Tz = CTUZ,

and .
(n}) b =n2CCTnz = nlnz.
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Asset Rotation Invariance [ANIERAIEYATN)

Let the first column of C be proportional to the observation errors on the
inner hypersphere.

Let the second column of C be the component of the observation errors on
the outer hypersphere, that is orthogonal to the first column of C,

Consider a model that has the prediction errors corresponding to the point
on the first hypersphere. Recall that the alternate assets have excess

returns
Z'=c'z

Then the prediction error for the first alternate excess return is non-zero,
but the prediction errors for all the other alternate excess returns are zero.

Now consider a model that has prediction errors corresponding to the
point on the second hypersphere. This model has a non-zero prediction
error for the first and second alternate assets, and prediction errors of zero
for all the other alternate assets.
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ACEC RN E UM NWVEEY I Smaller is Better

The “spiral” proof can now be applied to the alternate excess returns,
instead of the original excess returns.

Both the endpoints, and every point along the spiral trajectory, have zero
prediction errors for all the alternate assets except the first two.

Since the sum of squared prediction errors for the alternate assets is the
same as for the original assets, it follows that every model on the outer
hypersphere has a worse goodness-of-fit measure than every model on the
inner hypersphere.

This is the case for all choices of inner and outer hypersphere, even if they
are very close together.

This, in the many asset case, with identical variance and zero correlation,
larger sum of squared prediction errors means worse goodness-of-fit
(provided we adhere to the two guiding principles).
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Asset Rotation Invariance General Case

The key result can be extended to the many asset case with arbitrary
variances and covariances, with slight modification.

Let X 77 be the covariance matrix of the excess returns, with spectral

decomposition
Y77 = CACT.

This time, it is not the sum of squared prediction errors that determines
the model ranking, but rather, the quantity

Ty—1
n Y.
We can construct an alternate set of alternate assets,
1
Z=A:C"Z
The covariance matrix of the alternate excess returns is the identity matrix.
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Asset Rotation Invariance Prediction Errors

The prediction errors for the alternate assets are

77* — A_%CT ,
so that )
n=CAzn",

The quantity

'S 7zn
is therefore equal to

-
(™) ",

that is, the sum of the squared prediction errors for the transformed assets.
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Asset Rotation Invariance Dominating Criterion

So consider two models, one with prediction errors 1x and one with
prediction errors ny. If

N 72X < NVX 731y,

then the model with prediction errors nx has a smaller sum of squared
prediction errors when applied to the alternate assets.

But these alternate assets are uncorrelated with each other, and each one

has a variance of one. So if the two guiding principles are respected, then

whichever has the lower sum of squared prediction errors (for the alternate
assets) has the better goodness-of-fit.

But this directly implies that whichever model has the lower quantity,
n' Sz,
has the better goodness-of-fit.
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Asset Rotation Invariance End Result

We can now put it all together, and derive the asset rotation invariance
principle. Suppose there are two models, with the quantities

Ty—1 Ty—1
nXEzan and nYzzan
determining their relative goodness-of-fit.
We construct alternate set of assets,

ZF=QZ

The covariance matrix for the alternate assets is
Yz = QX707
and the prediction errors for the alternate assets for the two models are
nx = Qnx and ny = Qny.
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Asset Rotation Invariance Conclusion

So we have
Two - T -
(%) Sk =nxSmx  and () 2Ll = iS50y

There are the quantities that determine which model has better
goodness-of-fit—they are preserved through asset rotation!
The exception is if two models are “tied”, that is, if
Ty—1 Ty—1
NxE 770X = Ny X771y

In this case, a goodness-of-fit measure does not have to preserve the
ordering of the two models through asset rotation.
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Rotation Invariance Criteria Traded Factors

If a model evaluation technique is both asset rotation and factor rotation
invariant, there is not much choice in how to evaluate models with traded
factors.

Begin with factors F and excess asset returns Z. Then

E[fl=prn  E[Z=upz
Var[F]=%r,  Var[Z] =%z, and  Cov[FZ'] =Xz

However, since the factors are traded, we have F = I'Z for some I', which
means that

pE=Yuz, Yrz=VY7zz and Ser= U707,
The middle condition is equivalent to

U =Yr550.
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Rotation Invariance Criteria First Set of Rotations

Introduce new factors, risk premia, and excess returns,
1 1
F = (SrS52526) 2 F 7 = (Sr225252F) 27,
_1
and Z*=X%,27

where the matrix “inverse square root” operations are interpreted to mean
the unique symmetric matrices such that

_ _1 _ -1 _ -1
(Zrz27752F) * (SrzZ77%2F) 2 = (Srz27752F)
and L
Iy -1
Y7877 =Xz
Then

B _1
E[F] = (e 27526) * SrzSznze B2 =30z
Var [F] = |, Var [Z] = |,

NI

and  Cov [F*, (Z*)T} = (EFZE}}EZF)_% EFz22§ :
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REIEVIONNVERENICH O SIEM  Second Set of Rotations

Make another transformation,
P = F*, ’Y** =%,

and 7 = Z*
C
where .
CE;;ZZFZO and CCT: .
Then
1
E[F*] = (Sez25582F) * Lrz85770z,
_1
(ZEz25752F) 2 SerSoonz
E[Z7] =
1
CEZZ2 nz

Var [F*] = |, Var [Z7] = |,
and Cov [F**, (Z**)T} = [/N ONx(M—N)]
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Rotation Invariance Criteria Third Set of Rotations

At this point, it is perhaps worth noting that both the factors and the
excess returns have been orthogonalised, and that the N factors are simply
the first N excess returns.

Since the previous two transformations have worked out so well, we will try
one more.

1
17V Szr(Srz gy Yzr) 2

— — 1 =
P — \/#}22§EZF(ZFZEZ§EZF) ez 571z =54
Dy

1

17V 77 S2r(SrzS gy Yar) 2
[SImES S0 S S S R S0 St
and ,y***: \/,uz 77 ZF( FZ&z7 ZF) FZ2i 77 LZ ,.Y**
D

where

N

Dy (EFZEE}EZF)_ Epzzgé,uz =0 and Dy Dir =1
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Simultaneously, we transform

_1
17577 52F (VS gy Vo)

— - 1 -
\/#5222122F(ZF2222122F) e85 1z

Dy
Zrrx Y
_1
/";EZZQ cr

1 1
w2 2
\//‘zzzz 57 nz

Dy

where

1
D,CY,2uz=0 and  DyD] =1.
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Rotation Invariance Criteria First and Second Moments
Then

[ _ _ -1 _
VI35 2 (Ber55582r) ' SerS bz
E[F*] =

O(n-1)x1

— —
\/ 1SS 7 (S8 275 2F)  SrrS oz

O(n—1)x1
E I:Z***:I — ,

1 1
\/M;Ezz2 CTCE 2z

L O(m-N-1)x1 i
Var [P =1, Var[Z™] =1

and Cov [F***, (Z***)T} = [In ONx(M—N)-]
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Rotation Invariance Criteria Non-dependence on Rotations

The important thing to note is that the first and second moments
(including the cross-moments) of F*** and Z*** are characterised

completely by only two numbers—the excess returns of two of the
(transformed) assets.

One of these assets is a portfolio of the factors; the other has excess
returns that are uncorrelated with any of the factors.

It is not immediately obvious, but the sum of the squares of the expected
returns of the two assets does not depend on the factors—effectively, only
one of the numbers is specific to the model being considered. The other
number depends only on the properties of the assets. This follows from
the invariance of the quantity

Ty—1
1z¥zzIz
to rotation of the assets.
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Rotation Invariance Criteria First Moments Rewritten

It follows that
_ _ _ 1 _
1Sz = nyS735 78 (S22 555 2F) SrzS iz
1 1
+uzr,2CTCE 2z,

and that we can rewrite the expected excess returns (after the three
rotations) as

— — —1 -
\/M;ZZ}ZZF (Crz2775726) " SrzSoopz

On—1)x1
E I:Z***:I —

- ~ - 1 -
\/M}EZ}MZ — 1IN (2S5 7F) SRSz

i O(m—n-1)x1 i
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Rotation Invariance Criteria Sharpe Ratios

Note that the only two distinct numbers that appear in the moment
expressions can be interpreted as follows:

@ The maximum Sharpe ratio that can be achieved with the factor
portfolios

@ The maximum Sharpe ratio that can be achieved with assets that are
uncorrelated with the factor portfolios

If an evaluation technique is invariant to asset rotation and factor rotation,
it must produce the same result when applied to F** and Z**, as when it
is applied to F and Z

The first and second moments of FP** and Z** are completely
characterised by the maximum Sharpe ratio provided by all assets, and the
maximum Sharpe ratio provided by the factors.

How can an evaluation technique depend on something other than the
Sharpe ratios achievable with all assets, and with the factors only?
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Rotation Invariance Criteria Predicted Expected Returns

The optimal choice of risk premium also follows, if the two guiding
principles are respected.

The beta coefficients of the excess returns on the factors (after the three
sets of rotations) are
In

/3*** _

Onsc (M=)

The predicted excess returns are therefore

KRR

v

Onx (M=n)
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RO EHNDLVEGELISNOSIER  Risk Premia (after rotations)

But since the transformed excess returns Z** have equal variance (one)
and are uncorrelated with each other, we know that the optimal choice of
~*** is the one that minimises the sum of squared prediction errors.

We can't do anything about the last M — N assets; the model predicts zero
expected excess return for those assets, regardless of the choice of risk
premia.

However, the expected excess returns of the first V assets are all matched
perfectly if

*kk

— — 1 -
\/ 1SN 7k (S8 775 2F) SerSgamz
’y =

O(n—1)x1
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RO EGNDVELELICNEOSIER  Risk Premia (before rotations)

Working backwards, we find this requires that

Hok - -1 -
V= (S22 505 76) SEzSoapz

and
v =SS5z =Vpuz = pr.

So the optimal choice of the risk premia is simply to set the value for each
factor equal to the expected excess return of that factor (recalling that the
factors are assumed to be traded).

So there is an optimal choice of the risk premia (equal to the expected
excess returns of the factors), and goodness-of-fit must be based on the
maximum Sharpe ratio achievable with the factors—these results follow
from the two guiding principles.
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Rotation Invariance Criteria Non-traded Factors

What changes when the factors are not traded?

The exact same transformations can still be applied, but there is a
difference—the covariance matrix of the factors is no longer identity. (The
means can also be different than the means of the corresponding excess
returns.)

We can express the factors as

F=a+VYZ+e¢, Ele] =0 and Cov [Z,ET} = 0.

A consequence of the above is that

U =Ye550
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Rotation Invariance Criteria Alternate Model

We can instead focus on a model based on the factors
Fl=vz
Since these factors are traded, the results derived above apply, the optimal

risk premia are
V' =SS 0z

Furthermore, holding the excess returns fixed, the best model is the one
with the highest possible Sharpe ratio using the factor portfolios.

We also have
Yrp = EFZZE}ZZF-
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Rotation Invariance Criteria Alternate Model Predictions

Beta coefficients are

Bl =Sz¢ (EFZEEéEZF)_I :

The expected returns predicted by the alternate factors are

_ —1 _
HTZ =7k (S22 7752F) SrzS70z.

Returning to the original model,
Yrr = YEzY 505 7F + Tee,

with
Yee = Cov [e,eT] )

(This matrix need not be positive definite, and could even be zero.)
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Rotation Invariance Criteria Original Model

The beta coefficients of the assets with respect to the factors are

_11-1
B =81+ 3 (S zzr) |

and the expected excess returns predicted by the model are

N _ —17~1
fiz= B[+ S (BezE5T20) |

The two models, one based on F and the other based on FT, make the
same predictions if

t = (1S (Semaieg) ]
v = |I+ ee(FZ 77 ZF) 7,
or, equivalently, if
_ ~1
V= [/+ Yee (ZrzE27752F) } AT
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Rotation Invariance Criteria Original Rsk Premia

However, recall the optimal choice of the risk premia for the factors F',
t_ —1
Y =XzX 5z

The model based on the factors F therefore makes the same predictions
when

_ —1 _
v = [/+ Yee (ZEz27752F) } SEzS 7.

This choice of risk premia corresponds with that in Hou and Kimmel
(2020), although these authors do not offer a rigorous justification for
their choice.
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Conclusions Main Points

Conclusions

@ Unique and robust method for assignment of risk premia follows from
two guiding principles—this method was previously found in
literature, but now more rigorously justified.

@ Unique (to within monotonic transformation and “tie-breaking”
criterion) method for model evaluation also follows from two guiding
principles—based on maximum Sharpe ratio achievable using
factor-mimicking portfolios.

© Methods found in extant literature frequently do not satisfy the two
guiding principles.
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